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A nondimensional analysis of particle behavior during cross-type optical particle separation was
performed. A new dimensionless number, S, was defined as the ratio of the optical force to the viscous
drag force, and the effects of varying S on particle motion were examined. For large S, the particles
undergo acceleration, deceleration, and release as they pass through the laser beam. The retention
distance is much longer for large S than for small S. In addition, the effects on particle behavior of
varying the wavelength of the laser beam, the particle size, and the index of refraction of the particles
were investigated. Furthermore, an analytical expression of the retention distance for large S was
validated. © 2009 Optical Society of America

OCIS codes: 260.0260, 080.0080.

1. Introduction

The separation of particles in a microchannel is con-
sidered an important technique in various areas, in-
cluding analytical chemistry, biological cell research,
and lab-on-a-chip applications [1–3]. With the devel-
opment ofmicrofabrication techniques, variousmeth-
ods of particle separation have been developed, such
as dielectrophoretic [4,5], magnetophoretic [6,7],
hydrophoretic [8,9], and optical separation methods
[10–18]. Optical particle separation has some
advantages over the other methods: relatively
simple structures can be used, resulting in easy to
control separation characteristics, and pre- and post-
treatments of the medium or separated particles are
not required.
The origins of the optical separation method lie in

Ashkin’s first demonstration of the optical accelera-
tion with a laser beam of glass microspheres in water
[19]. Optical forces have subsequently been success-
fully applied to the trapping and separation of parti-
cles. With the advent of fiber optic [16–18] and

waveguide techniques [20], continuous separation
of particles has been achieved. In particular, cross-
type optical particle separation, as illustrated in
Fig. 1, is well established theoretically and experi-
mentally [15–18]. In cross-type optical particle
separation, a laser beam propagates in a direction
perpendicular to that of the stream of particles,
and the resulting scattering force, which acts on
the particles in the direction of laser beam propaga-
tion, diverts the particles. Due to the dependence of
the scattering force on the properties of the particles,
the particles are separated by their passage through
the laser beam. Kim et al. [15] first proposed the
cross-type optical particle separation method and
analyzed the behavior of particles during the separa-
tion process. They also derived an analytical expres-
sion for the retention distance that can be used to
estimate the maximum displacement of particles
after their passage through the laser beam. However,
their study considered only variations in the optical
properties and sizes of the particles and, by making
the small particle assumption, ignored the gradient
force that acts on the particles in the direction of the
intensity gradient of the laser beam.
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In the present study we attempted to generalize
this previous theoretical study [15] by ensuring that
the governing equations for particle motion during
the cross-type optical particle separation are nondi-
mensional. This nondimensional analysis accounts
for the gradient force, which has been ignored by pre-
vious studies of cross-type optical particle separation
[15]. Since the most important external forces ex-
erted on particles during optical particle separation
are the viscous drag force and the optical force, the
ratio of these two forces can provide insight into
particle behavior. In the present study, the effects
of varying the ratio of the optical force to the viscous
drag force on particle behavior were determined by
using this nondimensional form of the particle dy-
namics equations. In addition, the effects on particle
behavior of varying the particle size, the wavelength
of the laser beam, the index of refraction of the par-
ticles, and the retention distance were also analyzed.
Furthermore, the criteria for validity of the simple
analytical form for the retention distance derived
in the previous study [15] were determined.

2. Theory

In the cross-type optical particle separation depicted
in Fig. 1, the motions of the particles can be described
with the following equations [15]:

mp
dup

dt
þ 6πμrpðU − upÞ ¼ Fg; ð1Þ

mp
dvp
dt

þ 6πμrpvp ¼ Fs; ð2Þ

where mp is the particle mass, μ is the dynamic visc-
osity of the medium, U is the x-directional velocity of
the fluid flow, up is the x-directional particle velocity,
rp is the radius of the particle, and vp is the y-
directional particle velocity. Fg and Fs are the
gradient and scattering forces, respectively.
The following nondimensional variables were

adopted in the present study:

u�
p ¼ up

U
; v�p ¼ vp

U
; x� ¼ x

ω0
; y� ¼ y

ω0

r�p ¼ rp
ω0

; t� ¼ Ut
ω0

; ω� ¼ ω
ω0

; λ� ¼ λ
ω0

:

ð3Þ
In this definition of the nondimensional variables, x
and y are the x- and y-directional positions of the par-
ticle, respectively; ω0 is the laser beam waist; t is
time, λ is the wavelength of the laser beam; and ω
is the radius of the laser beam width at an arbitrary
y position, which can be expressed as

ω ¼ ω0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ
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2

s
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π

�
2

s
: ð4Þ

With these nondimensional variables, the equations
of motion of a particle during cross-type optical
particle separation can be rewritten as

du�
p

dt�
¼ R

�
ð1 − u�

pÞ þ S
Z

2π

0

Z π=2

0

Qg
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Z
2π
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�
:

ð6Þ

In the derivation of the above equations, the
intensity profile of the laser beam was assumed to
be Gaussian [21,22]. In the integrand, ρ� is the non-
dimensional distance between the center axis of the
laser beam and the center of the particle [21,22], and
Qg and Qs are the nondimensional coefficients of the
gradient and scattering forces, respectively; Qg and
Qs depend only on the relative refractive indices of
the particles and the medium [21].

The two nondimensional numbers R and S in
Eqs. (5) and (6) are obtained from the following
equations:

R ¼ 6πμrpU
mpU2=ω0

¼ viscous drag
particle inertia

; ð7Þ

S ¼ ðn0P=πcÞðr2p=ω2
0Þ

6πμrpU
¼ optical force

viscous drag
: ð8Þ

R is commonly used in particle dynamics equations
and is the ratio of the viscous drag force to the inertia
of the particle. The dimensionless number S in
Eq. (8) is the ratio of the optical force to the viscous
drag force. In Eq. (8), n0P=πc, where n0 is the refrac-
tive index of the medium, P is the power of the laser
beam, and c is the speed of light in free space, repre-
sents incident momentum per second from the laser
beam [23]. Therefore, the numerator in Eq. (8) is the
incident momentum per second on the particle,

Fig. 1. Schematic diagram of cross-type optical particle
separation.
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which is equivalent to the optical force on particle by
a laser beam having power P and waist ω0. The π in
the numerator in Eq. (8) is due to the Gaussian
intensity distribution in Eqs. (5) and (6). Since S ac-
counts for the effects of the optical force, it governs
the trajectories of the particles. In previous studies
of cross-type optical particle separation, [15–18]
the gradient force was neglected, and a simple rela-
tion between the retention distance and the system
parameters was derived under the assumption that
the particle radius is sufficiently less than the laser
beam waist. However, as S increases, the effects of
the gradient force can no longer be ignored, and in
particular affects the retention distance even when
the particle radius is much smaller than the laser
beam waist.

3. Numerical Calculations

The motions of particles during cross-type optical
particle separation can be determined from the gov-
erning equations derived in the previous section. In
the following numerical calculations, the nondimen-
sional variableR, the nondimensional particle radius
r�p, and the relative index of refraction of the particles
m are assumed to be constant:

R ¼ 106; r�p ¼ 0:1; m ¼ 1:2; λ� ¼ 0:01:

The value of R is based on commonly used values for
cross-type optical particle separation, i.e., micro-
meter-sized particles in water with a velocity of
the order of 100 μm=s. Since the radius of the parti-
cles is smaller than the laser beam waist, the nondi-
mensional particle radius was assumed to be 0.1.

A. Effects of Varying S on the Particle Trajectories

The trajectories of particles during cross-type optical
particle separation were calculated for various va-
lues of S, as shown in Fig. 2. To analyze the charac-
teristic motions of the particles, the nondimensional
y position was normalized by the maximum y displa-
cement y�max. As shown in Fig. 2, the trajectories for S
= 0.1 and 1 have similar behavior. However, for S =
10, the trajectory deviates significantly from those of
the other two cases. According to the definition of S,
an increase in S corresponds to an increase in the op-
tical force relative to the x-directional viscous drag
force. Since the gradient force acts along the x direc-
tion, the effects of the gradient force become more
significant as S increases.
In a more detailed analysis, the x-directional par-

ticle velocity was calculated as shown in Fig. 3. For
small S, i.e., S ¼ 0:1, the x-directional particle
velocity is constant. However, as S increases, the x-
directional particle velocity varies. Since the gradi-
ent force pulls particles towards the center axis of
the laser beam, the particles accelerate when they
enter the laser beam and then decelerate after pas-
sing through the center axis of the laser beam. This
explanation is supported by plotting the x position as
a function of time. As shown in Fig. 4, for S ¼ 0:1 and

1 particles move along the x direction with an almost
constant velocity. However, acceleration and decel-
eration of the particles are clearly detected for
S ¼ 10. When particles are much smaller than the
laser beam waist, however, the gradient force should
be considered for large S.

During acceleration and deceleration, the particles
continuously experience the scattering force, which
acts in the y-direction. Therefore, the particles are
continuously moving in the y-direction. As the parti-
cles move in the y-direction, the laser beam width in-
creases according to Eq. (4). Since an increase in the
laser beam width reduces the intensity gradient, the
gradient force is reduced. When the viscous drag
force is larger than the gradient force, the particles
are released. The mechanisms of acceleration, decel-
eration, and release are depicted in Fig. 5.

Fig. 2. Normalized trajectories of particles during cross-type
optical particle separation for various values of S.

Fig. 3. x-directional particle velocities for various values of S. As
S increases, the particles undergo acceleration, deceleration, and
release.
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B. Effects of Varying S on the Retention Distance

The retention distance is defined as the maximum
displacement of a particle in the direction of laser
beam propagation. The retention distance depends
on system parameters and the properties of the par-
ticles, in particular the particle size and the index of
refraction [15]. In our previous study of cross-type op-
tical particle separation, an analytical expression for
the retention distance was derived by neglecting the
gradient force. However, when S is very large, the
effects on particle behavior of the gradient force
are significant even when particles are smaller than
the laser beam waist.
The retention distance can be expressed in a

nondimensional form [15]:

y�max ¼ Sf ðmÞ; ð9Þ

where f ðmÞ is a function of the relative index of
refraction, i.e., the ratio of the index of refraction
of the particles to that of the medium,

f ðmÞ ¼
ffiffiffiffiffiffiffiffiffiffiffi
2π3=2

p
Q�ðmÞerf

� ffiffiffi
2

p �
: ð10Þ

Here, erf is an error function andQ� is the nondimen-
sional coefficient of the scattering force for small
particles that depends only on the relative index of
refraction [10,15]. As shown in Eq. (9), the retention
distance has a linear dependence on S, i.e., the reten-
tion distance for S ¼ 10 is 100 times longer than that
for S ¼ 0:1. However, the nondimensional retention
distances calculated from the particle trajectories
for S ¼ 10 and 0.1 are 19.8 and 0.1, respectively.
The retention distance for S ¼ 10 is then almost
200 times longer than that for S ¼ 0:1.
In the derivation of Eq. (9), the gradient force was

not included. However, when S is large, the effects of
the gradient force should be included. Due to the ef-

fects of the gradient force, the linear dependence of
the retention distance on S is broken. As shown in
Fig. 4, for large S, it takes longer for particles to es-
cape from the laser beam region than 2ω0=U, which
is in contrast to the assumption made in our previous
study of a constant x-directional velocity. Therefore,
the particle experiences the scattering force for a
longer time and the retention distance increases.
Figure 6 shows the variation of the retention dis-
tance as a function of S. As can clearly be seen in
Fig. 6, for small S the retention distance depends lin-
early on S. However, as S increases, the retention
distance deviates from this linear relation.

C. Criteria for a Linear Relation between S and the
Retention Distance

In the previous section only the variation of S was
considered. However, the optical force also depends
on the relative index of refraction, the wavelength
of the laser beam, and the particle size. S does not
account for the relative index of refraction or the

Fig. 4. x positions of particles as a function of time. Due to the
deceleration of the particles, the separation time increases for
large values of S.

Fig. 5. Mechanisms of acceleration, deceleration, and release of
particles.

Fig. 6. Retention distance as a function of S. For small values
of S, the retention distance has a linear relation with S but the
dependence becomes increasingly nonlinear as S increases.
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wavelength of the laser beam. To account for these
effects, the x-directional particle velocity was calcu-
lated as a function of time for various values of
the relative index of refraction and the wavelength
of the laser beam. Figures 7 and 8 show the effects
on the x-directional particle velocity of varying the
relative index of refraction and the wavelength of
the laser beam, respectively. The range of the relative
index of refraction adopted in this calculation covers
the cases of biological cells and of standard particles
for separation such as polystyrene latex particles
suspended in water. Since the laser beam waist is
of the order of 100 μm, the ranges of wavelengths
used in these calculations are those of ultraviolet
to infrared light. As shown in Figs. 7 and 8, the accel-
eration, deceleration, and release of particles do not
arise as a result of the variations of the relative index

of refraction and the wavelength of the laser beam.
Further, the linear relation between the retention
distance and S is not affected by the relative index
of refraction or the wavelength of the laser beam.
Therefore, in the common application range, the lin-
ear relation holds between the retention distance
and S.

Finally, the effects on particle behavior of particle
size were considered. Although particle size is
included in the definition of S, particle size can also
affect particle behavior because of the functional de-
pendence of ρ� on particle size, as shown in Eqs. (5)
and (6). Since Eq. (9) is valid only when the particles
are smaller than the laser beam waist, particle sizes
r�p ≤ 0:1 were considered. As shown previously [24],
when the particle size r�p ≥ 0:1, an additional size cor-
rection factor is needed, and then Eq. (9) is not valid.
To characterize the region of validity of Eq. (9), the
upper values of S were determined for various parti-
cle sizes. The shaded region in Fig. 9 is the region of
validity of Eq. (9). As shown in Fig. 9, as the particle
size decreases, the upper limit of S increases. As par-
ticle size decreases, the intensity gradient decreases
within the dimension of particle diameter. Therefore,
the effects of the gradient force are not significant un-
less S is large. Outside the shaded region in Fig. 9,
the retention distance should be calculated numeri-
cally with Eqs. (5) and (6), since the effects of the
gradient force cannot be ignored. As long as the ex-
perimental conditions lie within the shaded region in
Fig. 9, the retention distance can be estimated with
Eq. (9) within 10% accuracy.

4. Conclusion

The effects on particle behavior during cross-type
optical particle separation of varying various para-
meters, namely the wavelength of the laser beam,
theparticlesize, the indexof refractionof theparticles,
and the ratio of the optical force to the viscous drag

Fig. 7. Effects on the x-directional particle velocity of varying the
index of refraction of the particles. The variation of the index of
refraction of the particles does not affect particle behavior.

Fig. 8. Effects on the x-directional particle velocity of varying the
wavelength of the laser beam. The variation of the wavelength of
the laser beam does not affect particle behavior.

Fig. 9. The shaded region is the region of validity of Eq. (9)
(r�p ≤ 0:1). Outside the shaded region, the relation distance is
calculated numerically with Eqs. (5) and (6).
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force, have been examined with a nondimensional
analysis. Under common application conditions, the
ratio of the optical force to the viscous drag force, de-
noted S, is the dominant parameter that governs
the behavior of particles. For large S, the linear rela-
tion betweenS and the retention distance is no longer
valid due to the effects of the gradient force,whichwas
neglected in the previous study. Particles undergo
acceleration, deceleration, and release during separa-
tion for large S. The retention distance can be drama-
tically increased by increasing S, and thus the
resolution of the cross-type optical particle separation
can be improved. However, increasing the retention
distance by increasingS results ina longer separation
time. There is thus a trade-off between the resolution
of the cross-type optical particle separation and the
separation time. The results of the present study
canprovideguidelines for thedesignof optimaloptical
particle separation.
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